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Symmetric Eigenvalue Problem

Ax = λx , A ∈ Rn×n, x ∈ Rn, λ ∈ R.

Eigenvalue Problem

Find a factorization A = QΛQT :
Q ∈ Rn×n orthogonal, and
Λ ∈ Rn×n is diagonal..

Eigensolvers:
Tridiagonalization based methods. E.g. QR algorithm,
D&C algorithm, and RRR algorithm.
Jacobi algorithm. (our focus)
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Jacobi Algorithm

Jacobi algorithm (Jacobi, 1846):
Oldest way for computing all eigenvalues of a
symmetric matrix.

1 Starting with a symmetric matrix A(0) = A ∈ Rn×n,
2 Generating a sequence of symmetric matrices

A(k+1) = (V (k))T A(k)V (k), where V (k) is a plane
rotation that differs from the identity only at four
chosen positions (pk ,pk), (pk ,qk), (qk ,pk), and
(qk ,qk).

3 V (k) is specifically chosen such that positions
(pk ,qk) and (qk ,pk) of A(k+1) are zero.

Define off(A) = ∥A − diag(A)∥F ,

off(A(k+1))2 = off(A(k))2 − 2(a(k)
pk ,qk )

2.
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Convergence of Jacobi algorithm

Cyclic Jacobi Algorithm
If the pivots (pk ,qk)

∞
i=1 are chosen to be

(1,2), (1,3), . . . , (1,n), (2,3), . . . , (2,n), . . . , (n − 1,n)︸ ︷︷ ︸
one sweep

, (1,2), . . .

then A(∞) = Λ.


× × × ×

× × ×
× ×

×


Theorem ([Hari, 1991])
Let N = n(n − 1)/2, which is the number of rotation in one
sweep. If off(A(k)) ≤ δ/3, where δ = minλi ̸=λj |λi − λj |, then

off(A(k+N)) ≤ c off(A(k))2. ⇐ Quadratic convergence!
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Small Example

A = gallery("randsvd", 500, -1e5, 3);

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
10−14

10−7

100

Number of sweeps

off
(A

(k
) )

The cyclic methods waste time annihilating small
elements in the early sweeps. — Parlett (1998)

Question: Can we skip these early sweeps?
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Preconditioning the Jacobi algorithm

Requirements
Preconditioning A 7→ Ã such that off(Ã) is small.
Preconditioning should not change the eigenvalues
more than O(u).
Make use of low precision uℓ (< u) to speed up the
construction of preconditioner.

Idea
Let QDQT be an spectral decomposition of A computed
at precision uℓ , then ∥QT AQ − D∥F = O(uℓ).

off(QT AQ)
def
= ∥(QT AQ)− diag(QT AQ)∥F

≤ ∥QT AQ − D∥F = O(uℓ)

Q need to be numerically orthogonal at u !
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Algorithms

Approach 1: Orthogonalization method
[Zhou, 2022], [Zhang and Bai, 2022]

1 Compute an eigenvector matrix Qℓ . (uℓ)

2 Orthogonalize Qℓ to Q̃ . (u)

Approach 2: Modified tridiagonalization method
[Higham et al., 2025]

1 Perform Tridiag at uℓ. Store Householder vectors and
construct transformation matrix at u. Tℓ,QT

2 Apply any eigensolver to Tℓ at u. QS

3 Obtain Q̃ = QT QS at u.
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How small is off(Q̃T AQ̃)?

Theorem

Let Q̃ be generated using
Approach 1 with MGS,
Approach 1 with HHQR,
Approach 1 with Newton–Schulz iteration, or
Approach 2,

then
off(Q̃T AQ̃)/∥A∥F ≤ p(n)uℓ,

p(n) is a low degree polynomial.

[Zhang and Bai, 2022] proved the first one,
[Higham et al., 2025] proved the rest.
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Example

A ∈ Rn×n, κ(A) = 106, geometrically distributed evals.

101 102 103

10−7

10−6

10−5

n

off
(Q̃

T
A

Q̃
)/
∥A

∥ F

Approach 1 with HHQR Approach 1 with MGS
Approach 1 with NS Approach 2

5n1/2uℓ
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Comparison example

A = gallery("randsvd", 500, -1e5, 3);
Approach 1 + HHQR.

[Ql, ] = eig(single(A));
[Qt, ] = qr(double(Ql));
At = Qt’*A*Qt;

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
10−14

10−7

100

Number of sweeps

off
qu

an
tit

y

Jacobi applied on A Jacobi applied on Q̃T AQ̃
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High Accuracy of the Jacobi Algorithm

Interested in symmetric positive definite problem

Tridiagonalization based methods

|λi(A)− λ̂i(A)|
λi(A)

≤ p(n)u κ(A).

p(n) = low deg. poly., u = working precision.
κ(A) = 2 norm condition number of A.

λi(A), λ̂i(A) = i th largest exact, computed eigenvalue.

Jacobi algorithm is “more accurate” for SPD matrix
[Demmel and Veselić, 1992]
By implementing a specific stopping criterion,

|λi(A)− λ̂i(A)|
λi(A)

≤ p(n)u κS(A)

κS(A) = κ(DAD), D = diag(a−1/2
ii )
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Example by Demmel & Veselić

A =

1040 1029 1019

1029 1020 109

1019 109 1

 , κ(A) ≈ 1040

Use D = diag(10−20,10−10,1),

DAD =

 1 0.1 0.1
0.1 1 0.1
0.1 0.1 1

 , κS(A) = κ(DAD) ≈ 1.33.

Jacobi eig

λ1 = 1040 1040 1040

λ2 = 9.9 × 1019 9.9 × 1019 9.9 × 10−1

λ3 = 9.82 × 10−1 9.82 × 10−1 −1.93 × 1023
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High Precision Preconditioning

Even more: Compute Q̃T AQ̃ at uh instead of u.

Proposed algorithm: MP3Jacobi
Given a SPD A ∈ Rn×n.

Construct preconditioner Q̃. (uℓ,u)

Obtain preconditioned matrix Ã = Q̃T AQ̃ ⇝ Ãcomp. (uh)

Apply Jacobi to Ãcomp. (u)

Theorem
[Higham et al., 2025]

|λ̂i(Ãcomp)− λi(A)|
λi(A)

≤ p(n)u κS(Ã) .
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Theorem
[Higham et al., 2025]
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Insights on the size of κS(Ã)

Why κS(Ã)?

κS(Ã) can be significantly smaller than κS(A) and κ(A).

Define the reverse Hadamard measure:

H(A) =
∏

i

{aii/λi(A)},

then κS(A) ≤ n · e · H(A). [Demmel and Veselić, 1992]

Observation: Diagonals of Ã can act as approximate
eigenvalues at precision uℓ.

H(Ã) close to 1; κS(Ã) ≈ n · e.
H(A) is arbitrary; κS(A) can be as large as possible.
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κS(Ã) can be significantly smaller than κS(A) and κ(A).

Define the reverse Hadamard measure:

H(A) =
∏

i

{aii/λi(A)},

then κS(A) ≤ n · e · H(A). [Demmel and Veselić, 1992]
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How small κS(Ã) can be?

If off(Ã) is small such that

off(Ã) <
1
2
min

i
ãii ,

then κS(Ã) ≈ 1.

Special matrix examples

Matrix type κ(A) κS(A) κS(Ã)

hilb(7) 5e8 2e8 3
pascal(15) 3e15 6e12 1e4

NLA Group
Manchester Zhengbo Zhou Mixed-precision Preconditioned (one-sided) Jacobi Algorithm 15 / 27

https://zbzhou.com/


How small κS(Ã) can be?
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Why uh?

Decompose the relative forward error

|λ̂i(Ãcomp)− λi(Ãcomp)|
λi(A)

+
|λi(Ãcomp)− λi(Ã)|

λi(A)
+

|λi(Ã)− λi(A)|
λi(A)

First term:
Relative forward error analysis of the Jacobi algorithm.
[Demmel and Veselić, 1992] [Mathias, 1995]

Bounded by p(n)uκS(Ãcomp).
Third term:

Exact eigenvalues & matrix–matrix multiplications.

Using Ostrowski’s theorem: λk(Ã) ≤ λ1(Q̃T Q̃)λk(A).

Bounded by p(n)u ⇐ comes from orthogonality of Q̃.
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Analyzing the Second Term I

|λi(Ãcomp)− λi(Ã)|
λi(A)

Need relationship between Ãcomp (computed Ã) and Ã:

Ãcomp = Ã +∆Ã

∆Ã comes from
1 Matrix–Matrix products at precision uh.
2 Rounding to u.

Lemma (Componentiwse error bound)

|∆ãij | ≤ u|ãij |+ p(n)uh
(
|Q̃T ||A||Q̃|

)
ij .
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Analyzing the Second Term II

Theorem (Demmel & Veselić)

If |∆ãij |/
√

ãii ãjj ≤ ε, then

|λi(Ãcomp)− λi(Ã)|
λi(A)

≤ ε · n · κS(Ã).

From previous page’s bound on |∆ãij |,

|∆ãij |√
ãii ãjj

≤ u + p(n)uhαij , αij :=

(
|Q̃T ||A||Q̃|

)
ij√

ãii ãjj

.

Reason for using high precision: αij can be as large as
κ(A)! A small uh is required to balance αij .

NLA Group
Manchester Zhengbo Zhou Mixed-precision Preconditioned (one-sided) Jacobi Algorithm 18 / 27

https://zbzhou.com/


One-sided Jacobi algorithm

Idea. Applying one-sided Jacobi to G is equivalent as
applying two-sided Jacobi to GT G.
Two-sided Jacobi algorithm: Given plane rotation V (k)

constructed using (G(k))T G(k) at each step

· · · (V (3))T (V (2))T (V (1))T GT GV (1)V (2)V (3) · · ·

Zero out (pk ,qk) and (qk ,pk) entries of (G(k))T G(k).
One-sided Jacobi: make pk th and qk th columns of
G(k) orthogonal.
off(GT G) translates to orthonormality of G.
Preconditioner: reduce off(GT G) translates to make
G more orthonormal.
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Preconditioning the one-sided Jacobi

Idea.
Copying the algorithms for two-sided Jacobi!

Orthogonalization method (modified)
[Zhou et al., 2026]
Given a general matrix G ∈ Rm×n,

1 Compute the right singular vectors Vℓ ∈ Rn×n . (uℓ)

2 Orthogonalize Vℓ to Ṽ . (u)

Preconditioning. G̃ = GṼ

NLA Group
Manchester Zhengbo Zhou Mixed-precision Preconditioned (one-sided) Jacobi Algorithm 20 / 27

https://zbzhou.com/


Accurate Singular Values!

Proposed algorithm: MP3JacobiSVD
Given a general matrix G ∈ Rm×n.

Construct preconditioner Ṽ ∈ Rn×n. (uℓ,u)

Obtain preconditioned matrix G̃ = GṼ ⇝ G̃comp. (uh)

Apply one-sided Jacobi to G̃. (u)

Theorem
[Zhou et al., 2026]

|σ̂i(G̃comp)− σi(G)|
σi(G)

≤ p(m,n)u κD(G̃) ,

κD(G̃) := κ(G̃D), Dii = diag(∥G̃(:, i)∥−1
2 ).
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How small is κD(G̃)?

Introduce another metric:

obliq(G̃) := ∥G̃D − U∥2,

D = diag(∥G̃(:, i)∥−1
2 ).

U is an orthogonal polar factor of G̃D.

Measure the distance between G̃ and the nearest
orthonormal matrix.

Remarks
If obliq(G̃) < θ for some θ < 1, then
κD(G̃) ≤ (1 + θ)/(1 − θ).
If uℓ is small enough, or the input matrix is
well–conditioned such that uℓκ(A) ≪ 1, then
κD(G̃) ≈ 1.
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Experiment I: Two-sided Jacobi

Setup:
Random matrix
A ∈ R100×100 SPD.
κ(A) = 108.
Geometrically distributed
eigenvalues.
(uℓ,u,uh) = (single,
double, quadruple).
MP2Jacobi: uh = u.
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Experiment II: Two-sided Jacobi

Setup:
Random matrix
A ∈ R100×100 SPD.
κ(A) = 1014.
Geometrically distributed
eigenvalues.
(uℓ,u,uh) = (single,
double, quadruple).
MP2Jacobi: uh = u.
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0 20 40 60 80 100

kth largest eigenvalue

10
-15

10
-10

10
-5

MP2Jacobi
MP3Jacobi
Jacobi
MATLAB

nuκS(Ã)
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Experiment III: Our Algorithm VS LAPACK

General random matrix G ∈ R3000×n, n is varying.
κ(G) = 106.
Geometrically distributed singular values.
(uℓ,u,uh) = (single, single, double).
SGESVJ: one-sided Jacobi (LAPACK);
SGEJSV: preconditioned version (LAPACK).
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Summary I

We proposed and analyzed:
Ways to construct preconditioner for the (one-sided)
Jacobi algorithm in order to skip the slow convergence
phase.
A mixed-precision preconditioned (one-sided) Jacobi
algorithm with much more accurate computed (singular
values) eigenvalues. The cost will be (one) two matrix
multiplications at uh.
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Summary II

Two papers online:
1 Nicholas J. Higham, Françoise Tisseur, Marcus Webb,

and Zhengbo Zhou. Computing accurate eigenvalues
using a mixed–precision Jacobi algorithm. SIAM J.
Matrix Anal. Appl., 46(4):2423–2448, 2025.

2 Zhengbo Zhou, Françoise Tisseur, and Marcus Webb.
Computing accurate singular values using a
mixed-precision one-sided Jacobi algorithm.
arXiv:2602.18134, February 2026.

Thanks for your listening!
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